In this paper we examine the relationship between risk and return on productive assets using the intertemporal general equilibrium model of Brock (1982, Asset Prices in a Production Economy, the University of Chicago Press, Chicago, pp. 1}42) as a basis for a simulation study. Current computational techniques are used to solve the growth model of Brock (1979, An Integration of Stochastic Growth and the Theory of Finance * Part I: The Growth Model, Academic Press, New York, pp. 165}192) in order to analyze the underlying "nancial model. Contrary to recent empirical "ndings, we "nd that there is a theoretical basis for the linear relationship between risk and return. This apparent contradiction is due in part to the fact that the dynamic relationship between risk and return depends on the level of output.
Introduction
Over the last two decades researchers have spent a great deal of time to evaluate the performance of the Capital Asset Pricing Model (CAPM) by testing how well the model "ts the data. The empirical evidence on the validity of the See Benhabib and Rustichini (1994) for a full description of a class of utility and production functions that have analytical solution.
asset-pricing theory. . . ..'. The reason researchers have taken this direction stems from problems that have been encountered in attempts to empirically verify the theoretical predictions of the CAPM.
Is it really the CAPM that is misspeci"ed or is it the empirical tests of the CAPM that are performed erroneously? The CAPM is a two-period, linear model expressed in terms of expected return and expected risk. Since these expectations cannot be measured, empirical studies use observed data to test for this linear relationship. However, in this study we are able to calculate both expected return and the true beta at a given period in time; thus, we are able to theoretically test the CAPM in its ex ante form. In such tests, we "nd that there is a linear relationship between beta and the expected return at any given period in time, as predicted by the CAPM. In addition, we have also found that the intercept as well as the slope of the Security Market Line shift up and down with #uctuations in output in the economy, thereby suggesting that in the empirical tests of the CAPM, one needs to control for the #uctuations in the output level in order to properly test the model. In other words, in estimating the relationship between risk and return, only those observations that correspond to similar output levels should be used. Such "ndings gave us the impetus to pursue an empirical testing of the model using simulated data. We have performed two empirical tests of the CAPM. First, we have used the full data set (240 months) in Fama}MacBeth regressions (1973) of the cross-section of stock returns on beta and size (stock's price times shares outstanding). Second, we have controlled for the output level, therefore, used only those periods (20 months) that have output levels that are close to the mean output level. Without controlling for the output level, we have found that the size variable is signi"cant in explaining the cross-section of expected stock returns while beta is not. However, once we control for the output level the size e!ect vanishes and only beta remains signi"cant.
The conclusions of this paper are determined from a simulation study of Brock's asset pricing model. Except for the speci"c case of logarithmic utility and Cobb}Douglass production functions and carefully paired constant relative risk aversion utility functions and constant elasticity of substitution production functions, there are no closed form solutions to Brock's model. As Judd (1995) points out, the simulation methods provide a strong complement to economic theory for those models that are not analytically tractable. Brock's model has been frequently used and cited in the literature over the past 15 years. However, some researchers have only used the speci"cation mentioned above which is characterized by a linear investment function. Others starting with Kydland and Rouwenhorst (1995) provides a good review on this literature. Prescott (1982) have used a quadratic approximation to the value function which also results in a linear policy function. Thus, these studies failed to produce the cyclical variation in equity premia.
The paper proceeds as follows: Section 2 presents the stochastic growth model of Brock (1979) ; Section 3 introduces the "nancial model; Section 4 presents the parameters and describes the simulation; Section 5 discusses the results; and Section 6 concludes the paper.
The growth model
The model we use as the basis for our study is the standard growth model with production, as speci"ed in Brock (1979) . This is a model of economic growth with an in"nitely lived representative consumer. In this section, we heavily borrow from Brock and recapitulate the essential elements of the model:
where E is the mathematical expectation, the discount factor on future utility, u the utility function of consumption, c R the consumption at date t, x R the capital stock at date t, y R the output at date t, f G the production function of process i plus undepreciated capital, x GR the capital allocated to process i at date t, G the depreciation rate for capital installed in process i and R the random shock.
is the production function of process i. For a description and interpretation of the model see Brock (1982) . The "rst-order conditions for the intertemporal maximization are
Since the problem given by Eqs. (2.1)}(2.6) is time stationary the optimal levels of c R , x R , x GR are functions of the output level y R , and can be written as
Our objective is to solve the growth model for the optimal investment functions, h G , to analyze the underlying implications of the asset pricing model.
An asset pricing model
The asset pricing model in Brock (1982) is much like the Lucas (1978) model. The main di!erence between these two models is that Brock's model includes production, thus by incorporating shocks into the production processes, it has the sources of uncertainty in the asset prices directly tied to economic #uctu-ations in output levels and hence in pro"ts.
The model is similar to the growth model in Section 2. There is one representative consumer whose preferences are given in Eq. (2.1). On the production side there are N di!erent "rms. Firms rent capital from the consumer side at the rate r GR to maximize their pro"ts:
Each "rm makes its decision to hire capital after the shock, R , is revealed. Here r GR denotes the interest rate on capital in industry i at date t and it is determined within the model. Asset shares are normalized so that there is one perfectly divisible equity share for each "rm. Ownership of a share in "rm i at date t entitles the consumer to the "rm's pro"ts at date t#1. It is also assumed (as in Lucas (1978) ) that the optimum levels of asset prices, capital, consumption and output form a rational expectations equilibrium.
The model
The representative consumer solves the following problem:
Note in this model market portfolio is e$cient, therefore Roll's critique does not apply. From the "rst-order condition (3.6) return on each asset satis"es u(c
, which is the e$ciency condition from the growth model. By summing Eq. (3.6) we get that the return on market portfolio also satis"es the e$ciency condition.
where P GR is the price of one share of "rm i at date t, Z GR the number of shares of "rm i owned by the consumer at date t and GR the pro"ts of "rm i at date t.
The details of the model are in Brock (1982) . The "rst-order conditions yielding from the maximization problem are
We use these "rst-order conditions to get the prices for the assets. Brock (1979) shows that there is a duality between the growth model ((2.1)}(2.6)) and the asset pricing model ((3.1)}(3.5)), and the solution to the growth model is also solution to the asset pricing model. Once the solution to the growth model is obtained, the asset pricing functions can be solved for the prices for the assets by Eq. (3.6).
Since in equilibrium there is one share of each asset, the value weighted market portfolio is
and the dividends (pro"ts) are
Now, de"ne the return on each asset by
and the return on the market portfolio by
Now de"ne the pro"t, consumption and output functions by
and the asset pricing functions by
Once we have the pricing functions we next de"ne the return functions
The mean functions are
and the functions for the variances
and s are given by
Solution to the growth model enables us to calculate above functions at di!erent output levels. Except for a very special case of the utility and the production functions, there are no closed form solutions for the optimal investment functions for the problem outlined in Eqs. (2.1)}(2.6). One must use numerical techniques in order to analyze the properties of the solutions to the asset pricing model. There are many di!erent methods to solve these types of problems. A wide variety of these methods are discussed in the special volume of the Journal of Business & Economic Statistics (January 1990) . We have chosen to use the projection method in Judd (1992) . The details of the solution are in Akdeniz and Dechert (1997) . 
Simulation
In this section we present a solution to the model for one set of parameter values. The speci"c model we chose to estimate is
where is the utility curvature parameter. Campbell and Cochrane (1994) state that a utility curvature parameter of !1.37 matches the postwar US data, thus "!1.37 is chosen for the utility curvature parameter. Unlike Campbell and Cochrane and other literature on habit formation, our results are derived with a constant utility curvature parameter. The value of the discount parameter, , in yearly units is 0.97 and it is adjusted to monthly units. We solved the model for 25 "rms using four equally likely states of uncertainty. All "rms use the same production technology. The parameters for the "rms are picked randomly and are reported in Table 1 . The magnitude of the functions as well as the technical coe$cients are a!ected by uncertainty, thus both output levels and elasticities are subject to random shocks. Random shocks are independently and identically distributed. We have also simulated the economy with 240 realizations of the random shocks. To do so, we started with the mean output level of the ergodic distribution of the output as the initial level of output. Through the optimal investment functions, initial output is divided into consumption and investment. The computer then randomly chooses the state of the economy which gives forth the corresponding parameters for production. These parameters are used to determine the next period's output which is divided into consumption and investment at the beginning of the next period, and so on it goes. A problem with the iid shocks is that output #uctuates rapidly; therefore, the time series distribution of output does not depict a typical business cycle output pattern. One needs to model a Markov process in the shocks to obtain the business cycle output pattern. Such a modi"cation is left for future research. In Fig. 1 , we have plotted consumption and total output for 240 periods. Although output #uctuates rapidly, the consumption pattern is smooth over all periods which is consistent with observed data. In other words, this model replicates the typical pattern of widely #uctuating output levels and relatively constant levels of consumption over time.
Results
The simulation study allows us to calculate the expected returns as well as the expected risk at a given period in time across di!erent realizations of states. Thus, we are able to test the theoretical CAPM in its ex ante form. By using the simulated data we are also able to test the empirical CAPM in its ex post form. Here, it is important to note that the simulated data is pure in the sense that it is not contaminated by any other e!ects. The data directly comes from the utility maximizing behavior of the consumer and the pro"t maximizing behavior of producers.
Theoretical results
Figs. 2 and 3 show the Security Market Line (SML) at "ve di!erent output levels. As can be seen in both "gures beta and expected return depict a linear relationship at all output levels as predicted by the CAPM. In order to statistically test this linear relationship, we have also regressed expected return on beta at each period for the 240 periods. All of the regressions yielded R higher than 0.999. This result clearly shows that in theory expected risk and return are linearly related, therefore beta is the sole determinant of expected stock returns.
In a recent paper, Campbell and Cochrane (1994) comment on a number of empirical phenomena about asset prices that are unexplained by economic theory. In particular they cite evidence that &. . . . equity risk premia seem to be higher at business cycle troughs than they are at the peaks'. They also add that &. . . . standard business cycle models utterly fail to reproduce the level, variation, and cyclical co-movement of equity premia'. However, in this study we "nd that an appropriately parameterized version of Brock's (1979 Brock's ( , 1982 asset pricing model provides a complete explanation for the movements of equity premia over the business cycle. More speci"cally, the #uctuations of risk premia from the troughs to the peaks of the business cycle are fully captured by Brock's model. As can be seen in Figs. 2 and 4 , for a given beta and standard deviation, return and output level depict an inverse relationship. The intercept as well as the slope of the SML and CML change according to the #uctuations in output in the economy, thereby suggesting that empirical tests of the CAPM that average over long enough periods to include major portion of the business cycle may result in serious mistakes. In other words, in the empirical testing of the CAPM it is necessary to use those observations that correspond to similar levels of output in order to provide a proper empirical test of the model.
We have also plotted the relationship between expected return and beta for the "rst "ve "rms for 240 periods. Fig. 5 shows that some "rms get riskier as the output level increases while other "rms get less riskier. Although the true SML is positively sloped at any given period of time, it is possible to obtain a negatively sloped SML, if one uses time series averages in the estimations.
Simulated data results
Using the simulated data, we have also conducted an empirical testing of the CAPM. In this part, we are only interested in the size e!ect that has been found to explain the cross-section of expected stock returns. Since the theoretical results showed us that business cycles matter when testing for the CAPM, we have performed the empirical testing in two ways. First, we used the full data set Mean output is 5.9 and the spread between peak and trough is 3.4. We choose those periods with 5.85("y R ("5.95, which comprises 3% of the spread.
(240 months) in our estimations. Second, we only used those periods that have an output level close to the mean output level. This process of controlling for the output level left us with only 20 periods to use in the estimations. Due to computational limitations, we used individual stocks rather than portfolios in the analysis. Empirical betas are estimated from a regression of monthly stock returns on the market portfolio. Since asset shares are normalized so that there is one perfectly divisible equity share for each "rm, the price of an individual stock is used for the size variable.
In Table 2 , we present the full period time series averages of the slopes from the month-by-month Fama}MacBeth regressions of the cross-section of stock returns on empirical beta and size. As can be seen in the univariate regressions, both beta and size are found to be insigni"cant in explaining the cross-section of stock returns. However, in the multivariate regressions, while empirical beta still remains insigni"cant, the size becomes signi"cant. The multivariate regression results are similar to those of Fama and French except for the sign on size.
We repeated the same test using the observations from only those periods whose output levels are close to the mean output level. Results are presented in Table 3 . Both univariate and multivariate regression results show that the size e!ect vanishes and only beta remains signi"cant in explaining the cross-section of stock returns when we controlled for the output level. These results show that the CAPM is not misspeci"ed and suggest that it is necessary to use those observations that correspond to similar levels of output in the estimations in order to provide proper tests of the model.
Conclusion
In this study, we showed that a properly parameterized version of Brock's model provide a theoretical explanation of the observed #uctuations in asset prices. In particular, Brock's model provides a theoretical basis for the observed variations of the equity premia over the business cycles. Also, by using Brock's model, we have shown that the CAPM predictions hold in a fully dynamic general equilibrium framework. Particularly, we found a linear relationship between expected risk and expected return at any given period of time, which implies that beta is the sole determinant of the expected returns. Furthermore, from Fig. 1 , the model (even with iid shocks) replicates the typical pattern of widely #uctuating output levels and relatively constant levels of consumption over time.
Several implications for the empirical testing of the relationship between risk and return come from the dynamic nature of this study. In Section 4, we have shown that the intercept as well as the slope of the security market line #uctuate over the business cycle. This means that the empirical estimation of the SML, averaging over long enough periods to hold main portion of the business cycle, will result in serious errors. Thus, the empirical estimation of the SML must be done at similar levels of output. This phenomenon is further supported by Fig. 5 , which indicates that, if the time series of returns are regressed on betas, one will get a much steeper relationship with the possibility of a wrong sign on the coe$cient.
In ongoing research, we examine various extensions and applications of Brock's model. Mainly, we model the shocks as Markov process in order to more closely approximate observed business cycle #uctuations of output. We also incorporate a growth factor to capture the trends in output. As further extensions to Brock's model, Black (1995, p. 159) suggests incorporating labour, adjustment cost of capital and human capital. Prescott (1982, p. 45 ) makes similar suggestions with regard to labour in order to more closely approximate the business cycle.
There are many potential applications of this model. It can be used to price assets other than those that are in Brock's two papers (1979, 1982) . For example, by calculating the value of pure discount bonds, the term structure of interest rates can be determined over the business cycle. The dynamic implications of corporate tax policy can also be analyzed by using this model. It is our belief that with the advent in the use of simulation methods, the full richness of the applications of Brock's model can be developed.
